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How to Solve ?

Why ?

( no sum of i )Hvi = �i vi

Det[�I �H] = 0 = �
n + d1�

n�1 + · · ·+ dn = ⇧j(�� �j) (1)

d1 = �Tr[H], d2 =
1

2
(Tr2[H]� Tr[H2]), · · · dn = (�1)nDet[H] (2)

Det[�I �H] = ⇧j(�� �j) (3)
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nxn Hamiltonian   Eigenvalue 

Hvi = �i vi

nx1 Eigenvector: v↵i

Det[�I �H] = 0 = �
n + d1�

n�1 + · · ·+ dn = ⇧j(�� �j) (1)

d1 = �Tr[H], d2 =
1

2
(Tr2[H]� Tr[H2]), · · · dn = (�1)nDet[H] (2)

Det[�I �H] = ⇧j(�� �j) (3)
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Neutrino Propagation in Matter
Including oscillations
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HyperK (260 kt Water Cherenkov) 

Water Cherenkov Detector like SuperK (50 kt) and KamiokaNDE (4.5 kt)

295 km

νμ → νe, ν̄μ → ν̄e

νμ → νμ, ν̄μ → ν̄μ

1.3 MW
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Hyper-Kamiokande Hyper-Kamiokande submission to ESPPU

It includes PMT cover production, which have been tested at high pressure in the Mediterranean Sea. They
are produced in Europe and then shipped to Japan for installation.
Furthermore, 75% of the multi-PMTs are produced and tested in Europe, including at CERN as part of the
Water-Cherenkov Test Experiment (WCTE); see Section 3.3 for more details. The OD photosensing sys-
tem has been designed in Europe, where most of the tests have also been performed. European institutes

Figure 2: (a): Model of the water-Cherenkov far detector. (b): Model of the ID and OD PMTsystem. (c):
Photograph of a OD 3-inch PMT coupled with a wavelength shifting plate. (d): Mockup of the installation
frame with ID and OD PMTs installed (Kashiwa, Japan). (e): Electronics unit installed in water at the
WA105 cryostat tank at CERN.

also lead the efforts for the realisation of the far-detector readout electronics system for the ID and OD
systems. 20 m long signal and high voltage cables digitise the analogue signal from the PMTs and transmit
it to the Data Acquisition System (DAQ) system on top of the tank through 150 m long optical fibres. As the
electronics are underwater, the electronics boards are contained inside a waterproof canister able to stand
a pressure up to 8 bar. There are a total of about 900 underwater electronics units (UW-units) containing ID
and OD electronics. They are synchronised at the 100 ps level by a time generation and distribution system
that sends the clock to each digitiser board. The assembly and quality assurance, including high-pressure
in-water tests, of each UW-unit will be performed at CERN throughout 2026 (NP08 [9, 10]) before being
shipped to Japan to be installed in the far-detector tank [9, 10]. European contributions also include the
geomagnetic field compensation system to mitigate the effects of Earth’s magnetic field on the 20-inch
PMTs. Ensuring the continuing support of Europe to the construction of the far detector is crucial
to the realisation of the Hyper-K experiment.
The Hyper-K DAQ software has been developed in Europe, and will continue to be managed throughout
the life of the experiment.
Finally, the calibration system is a multifaceted system as it needs to deal with different types of calibration
to satisfy several needs, over a large energy range from MeV to TeV. It is then composed of a variety of
systems, many from Europe, including an accelerator system (LINAC) for low-energy calibration.

3.2 The neutrino beam
The neutrino beam is produced at J-PARC by accelerating protons up to 30 GeV and directing them

onto a 90 cm long graphite target, producing mainly pions and kaons. After the upgrade of the J-PARC
proton accelerator and the neutrino beamline [11], T2K is now steadily running with a beam intensity of
0.8 MW [12] that will increase to 1.2 MW at the start of Hyper-K and 1.3 MW in 2028 by reducing the loss
of the beam with improved optics and the cycle rate up to 0.86 Hz. The higher beam focussing current
(320 kA), achieved with the replacement of the horn power supplies, increases the neutrino (antineutrino)
flux by an additional 10-12% and reduces the wrong-sign antineutrino (neutrino) contamination.

European institutes are responsible for the design and construction of the neutrino production target,
for developing the required upgrades for operation at the increased beam power and for key components
of the target station. These items will be delivered and implemented before the start of Hyper-K. In order to
reduce systematic uncertainties we will construct a physics replica target and measure hadron-production
cross-section with NA61/SHINE at CERN. More information will be provided in Section 5. Furthermore,
there will be other European contributions, such as the Global Navigation Satellite System (GNSS) up-
grade, Optical Transition Radiation Monitor (OTR) readout, beamline orbit/optics modelling, which should
help with future beam control, as well as flux systematics.

3

Chris Marshall - Fermilab colloquium18

Hyper-K will start operations in 
2028 and search for CPV

● Hyper-K will reuse the 
(upgraded) T2K beamline

● Same detector technology, but 
much larger

● Similar off-axis location → very, 
very, very high statistics 
measurements of νe appearance

● Hyper-K is an excellent 
experiment for CP violation in 
the three-flavor framework, 
provided the mass ordering is 
known

Start 2028
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DUNE (70 kt of LAr) 

1300 km 
4 x 17 kt

νμ → νe, ν̄μ → ν̄e
νμ → νμ, ν̄μ → ν̄μ

1 - 2 MW
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P (⌫↵ ! ⌫�) =

����
3X

j=1

v↵jv
⇤
�j e

�i�jL/(2E)

����
2

(9)
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  Eigenvalues 

  Eigenvectors 

( 6 nu parameters + 2 exp. Parameters ) x 100 bins/parameter 
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Neutrino Oscillation Exp.

•Mass Pattern (Ordering)

• Flavor Pattern (Octant)

•CP Violation

•New Physics
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For Dirac vs Majorana nature other types of experiment are required.
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 EigenValues of H :
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Determination of the Eigenvalues,   λi
Characteristic eqn.

Det[�I �H] = 0 = �
n + d1�

n�1 + · · ·+ dn (1)

d1 = �Tr[H], d2 =
1

2
(Tr2[H]� Tr[H2]), · · · dn = (�1)nDet[H] (2)

Det[�I �H] = ⇧j(�� �j) (3)
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Det[�I �H] = 0 = �
n + d1�

n�1 + · · ·+ dn = ⇧j(�� �j) (1)

d1 = �Tr[H], d2 =
1

2
(Tr2[H]� Tr[H2]), · · · dn = (�1)nDet[H] (2)
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Det
0[�I �H] ⌘ @

@�
Det[�I �H] (4)

= n�
n�1 + (n� 1)d1�

n�2 + · · ·+ dn�1 (5)

=
X

k

⇧j 6=k(�� �j) (6)

Det
0[�iI �H] = ⇧j 6=i(�i � �j) (7)

Det
0[�iI �H] = ⇧j 6=i(�i � �j) (8)
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Derivative of the Characteristic eqn.
Det

0[�I �H] ⌘ @

@�
Det[�I �H] (4)

= n�
n�1 + (n� 1)d1�

n�2 + · · ·+ dn�1 (5)

=
nX

k=1

⇧j 6=k(�� �j) (6)

Det
0[�iI �H] = ⇧j 6=i(�i � �j) (7)

Det
0[�iI �H] = ⇧j 6=i(�i � �j) (8)
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�
3 �A�

2 +B�� C = 0 (11)

A ⌘ �d1 = Tr[2E.H] = �m
2
31 +�m

2
21 +Amat (12)

B ⌘ d2 =
1

2
(Tr2[2E.H]� Tr[(2E.H)2]) (13)

= �m
2
31�m

2
21 +Amat[�m

2
31c

2
13 +�m

2
21(1� c

2
13s

2
12)] (14)

C ⌘ �d3 = Det[2E.H] = Amat�m
2
31�m

2
21c

2
13c

2
12 (15)
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2
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31c

2
13 +�m

2
21(1� c

2
13s
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“ . ” means same as above diagonal

(2E)H = �m
2
21

0

@
c
2
13s

2
12 c13s12c12 �s13c13s

2
12

. c
2
12 �s13s12c12

. . s
2
13s
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12
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+�m
2
31
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@
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2
13 0 s13c13
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. . c
2
13
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A+Amat

0

@
1 0 0
. 0 0
. . 0

1

A (9)

R13(✓13) =

0

@
c13 0 s13

0 1 0
�s13 0 c13

1

A (10)

cij = cos ✓ij and sij = sin ✓ij
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Example: 3x3

H = H0 +Hmat

(2E)H0 = R13(✓13)R12(✓12)

0

@
0 0 0
. �m

2
21 0

. . �m
2
31

1

A R
T
12(✓12)R

T
13(✓13)

(2E)Hmat = Amat

0

@
1 0 0
. 0 0
. . 0

1

A , where Amat = 2
p
2GFNeE

where Amat = 2
p
2GFNeE
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A The Exact Eigenvalues in Matter

From refs. [2, 33, 34], the exact eigenvalues in matter are,

�1 =
1

3

⇣
A �

p
A2 � 3BS �

p

3
p

A2 � 3B
p

1 � S2
⌘

, (A.1)

�2 =
1

3

⇣
A �

p
A2 � 3BS +

p

3
p

A2 � 3B
p

1 � S2
⌘

, (A.2)

�3 =
1

3

⇣
A + 2

p
A2 � 3BS

⌘
. (A.3)

The terms A, B, and C are the sum of the eigenvalues, the sum of the products of the

eigenvalues, and the triple product of the eigenvalues, while S contains the cos(1
3 cos�1(· · · ))

terms,

A = �m2
21 + �m2

31 + a , (A.4)

B = �m2
21�m2

31 + a
⇥
�m2

31c
2
13 + �m2

21(c
2
13c

2
12 + s2

13)
⇤

, (A.5)

C = a�m2
21�m2

31c
2
13c

2
12 , (A.6)

S = cos

⇢
1

3
cos�1


2A3

� 9AB + 27C

2(A2 � 3B)3/2

��
, (A.7)

where a ⌘ 2E
p

2GF ne is the matter potential, E is the neutrino energy, GF is Fermi’s

constant, and ne is the electron number density.

B Derivation From KTY

Since only the product of elements of the PMNS matrix are necessary to write down the

oscillation probabilities, we start with the definition of the product of two elements of the

lepton mixing matrix in matter from eq. 39 in KTY, ref. [4],

bU↵i
bU⇤

�i =
bp↵��i + bq↵� � �↵��i(�j + �k)

(�j � �i)(�k � �i)
, (B.1)

where bx is the quantity x evaluated in matter and the �i’s are the exact eigenvalues in

matter5, see appendix A. We note that a similar approach was used in [12].

The matrix bp is just the Hamiltonian in matter, bp↵� = (2E)H↵� =
P

i �i
bU↵i

bU⇤
�i, see

appendix C. The other term, bq, is given by bq↵� =
P

i<j �i�j
bU↵k

bU⇤
�k for k 6= i, j. It is also

equivalent to bq↵� = (2E)2(H��H↵� � H↵�H��) for � 6= i, j.

5Note that the eigenvalues in matter can also be expressed in a longer notation as �i = cm2
i/2E.
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Cardano 1545:
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36

Appendix E: Some Useful Identities:

For n-flavors:

W↵�W�� �W↵�W�� =
X

i>j

m
2
im

2
j(U↵iU�j � U↵jU�i)(U�iU�j � U�jU�i)

⇤
. (E1)

For 3-flavors, the unitarity of U gives

(U↵iU�j � U↵jU�i) = Det[U ]U⇤
�k. (E2)

where (↵, �, �) and (i,j,k) are all di↵erent, therefore

W↵�W�� �W↵�W�� =
X

i>j

m
2
im

2
jU�kU

⇤
⇢k (E3)

where (↵, �, �), (�, �, ⇢) and (i,j,k) are all di↵erent.

For 4-flavors, the unitarity of U gives

(U↵iU�j � U↵jU�i) = Det[U ](U�kU�l � U�lU�k)
⇤ (E4)

where (↵, �, �, �) and (i,j,k,l) are all di↵erent. Therefore

|U↵iU�j � U↵jU�i|2 = |U�kU�l � U�lU�k|2 (E5)

since |Det[U ] |2 = 1.

Appendix F: Solutions to a cubic equation

The exact solutions to the cubic equation

�
3 � A�

2 +B�� C = 0 (F1)

are given by [19, 20]

�1 =
1

3
A� 1

3

p
A2 � 3B

⇣
S +

p
3
p
1� S2

⌘
,

�2 =
1

3
A� 1

3

p
A2 � 3B

⇣
S �

p
3
p
1� S2

⌘
, (F2)

�3 =
1

3
A+

2

3

p
A2 � 3B S ,

A ⌘ �d1 = �m
2
31 +�m

2
21 +Amat (14)

B ⌘ d2 = �m
2
31�m

2
21 +Amat[�m

2
31c

2
13 +�m

2
21(1� c

2
13s

2
12)] (15)

C ⌘ �d3 = Amat�m
2
31�m

2
21c

2
13c

2
12 (16)

cos 3✓ = 4 cos3 ✓ � 3 cos ✓

⌫ ( | ) ⌫

Ei = E +
�i

(2E)
(17)
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E [GeV]
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0�
3
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2 ]

NO
� = 3 g/cc

�3

�2

�1

Figure 1. Left: The 2 ⇥ 2 submatrix eigenvalues, ⇠↵ and �↵. Note that ⇠e and �e are constant
functions since the matter potential, a, does not appear in their expressions. See appendix D.
Right: The eigenvalues of the full 3 ⇥ 3 Hamiltonian which are equivalent to cm2

i. Negative
energies refers to anti-neutrinos and in all cases we have set m1 = 0 in vacuum.

write all three mixing angles in matter as simple expressions of the eigenvalues,

s2
c12

c2
c13

= |bUe2|
2 = �

(�2 � ⇠e)(�2 � �e)

(�3 � �2)(�2 � �1)
, (2.5)

s2
c13

= |bUe3|
2 =

(�3 � ⇠e)(�3 � �e)

(�3 � �1)(�3 � �2)
, (2.6)

s2
c23

c2
c13

= |bUµ3|
2 =

(�3 � ⇠µ)(�3 � �µ)

(�3 � �1)(�3 � �2)
, (2.7)

where the hat indicates that it is the mixing angle in matter. While similar versions of

eqs. 2.5 and 2.6 have previously appeared in the literature [2], eq. 2.7 is original to this

manuscript. The general form of eq. 2.3 allows us to write any term in the lepton mixing

matrix, and thus any mixing angle with considerable ease. In addition, as we will show in

the next section, this also allows us to calculate the CP violating phase quite easily.

2.2 CP-Violating Phase

In order to determine the CP-violating phase in matter, we note that cos b� can be deter-

mined, given the other mixing angles in matter, from |Uµ1|
2 (or |Uµ2|

2, |U⌧1|
2, or |U⌧2|

2)

from eq. 2.3. The sign of b� needs to be separately determined. We note that the sign of
b� must be the same as the sign of �. To see this, we employ the Naumov-Harrison-Scott

(NHS) identity [13, 14],

bJ =
�m2

21�m2
31�m2

32

�cm2
21�cm2

31�cm2
32

J , (2.8)

where J = =[Ue1Uµ2U⇤
e2U

⇤
µ1] = s23c23s13c2

13s12c12 sin � is the Jarlskog invariant [15]. We

note that the numerator and denominator in eq. 2.8 always have the same sign, so sin b�
has the same sign as sin �. That is, the eigenvalues in matter never cross.

– 4 –

H = H0 +Hmat

(2E)H0 = R13(✓13)R12(✓12)
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Solar and Atmospheric
 Resonance Regions
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What Physics gives us such a Hamiltonian ? 
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Interested in how the universe works? Read symmetry, an online magazine about particle physics 
and its connections to life and other areas of science. Published by Fermi National Accelerator 
Laboratory and SLAC National Accelerator Laboratory. symmetrymagazine.org

OSCILLATING

Neutrinos come in three types, called flavors. 
There are electron neutrinos, muon neutri-
nos and tau neutrinos. One of the strangest 
aspects of neutrinos is that they don’t pick 
just one flavor and stick to it. They oscillate 
between all three.

MYSTERIOUS

Neutrinos are mysterious. Experiments seem 
to hint at the possible existence of a fourth 
type of neutrino: a sterile neutrino, which would 
interact even more rarely than the others. 

VERY MYSTERIOUS

Scientists also wonder if neutrinos are their 
own antiparticles. If they are, they could have 
played a role in the early universe, right after 
the big bang, when matter came to outnumber 
antimatter just enough to allow us to exist.

ABUNDANT

Of all particles with mass, neutrinos are the 
most abundant in nature. They’re also some  
of the least interactive. Roughly a thousand 
trillion of them pass harmlessly through your 
body every second.

FUNDAMENTAL

Neutrinos are fundamental particles, which 
means that—like quarks and photons and  
electrons—they cannot be broken down into 
any smaller bits.

ELUSIVE

Neutrinos are difficult but not impossible to  
catch. Scientists have developed many differ-
ent types of particle detectors to study them.

LIGHTWEIGHT

Neutrinos weigh almost nothing, and they 
travel close to the speed of light. Neutrino 
masses are so small that so far no experi-
ment has succeeded in measuring them. The 
masses of other fundamental particles come 
from the Higgs field, but neutrinos might get 
their masses another way.

DIVERSE

Neutrinos are created in many processes in 
nature. They are produced in the nuclear 
reactions in the sun, particle decays in the 
Earth, and the explosions of stars. They are 
also produced by particle accelerators and  
in nuclear power plants.

 NEUTRINOS
  ARE…

= U
Interactions States :
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reactions in the sun, particle decays in the 
Earth, and the explosions of stars. They are 
also produced by particle accelerators and  
in nuclear power plants.
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OSCILLATING

Neutrinos come in three types, called flavors. 
There are electron neutrinos, muon neutri-
nos and tau neutrinos. One of the strangest 
aspects of neutrinos is that they don’t pick 
just one flavor and stick to it. They oscillate 
between all three.

MYSTERIOUS

Neutrinos are mysterious. Experiments seem 
to hint at the possible existence of a fourth 
type of neutrino: a sterile neutrino, which would 
interact even more rarely than the others. 

VERY MYSTERIOUS

Scientists also wonder if neutrinos are their 
own antiparticles. If they are, they could have 
played a role in the early universe, right after 
the big bang, when matter came to outnumber 
antimatter just enough to allow us to exist.

ABUNDANT

Of all particles with mass, neutrinos are the 
most abundant in nature. They’re also some  
of the least interactive. Roughly a thousand 
trillion of them pass harmlessly through your 
body every second.

FUNDAMENTAL

Neutrinos are fundamental particles, which 
means that—like quarks and photons and  
electrons—they cannot be broken down into 
any smaller bits.

ELUSIVE

Neutrinos are difficult but not impossible to  
catch. Scientists have developed many differ-
ent types of particle detectors to study them.

LIGHTWEIGHT
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travel close to the speed of light. Neutrino 
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Lincoln Wolfenstein 1978:
Neutrino Propagation in Matter

 interacting with the electrons in matter:
coherent forward scattering
νe

 ∼ GFNe



Stephen Parke                                                     Ruđer Bošković Institute                                            04/22/2026       #                     19

typically: �m
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21 < |Amat| < |�m
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E ⇠ 1-10 MeV for solar or reactor neutrinos,
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A The Exact Eigenvalues in Matter

From refs. [2, 33, 34], the exact eigenvalues in matter are,

�1 =
1

3

⇣
A �

p
A2 � 3BS �

p

3
p

A2 � 3B
p

1 � S2
⌘

, (A.1)

�2 =
1

3

⇣
A �

p
A2 � 3BS +

p

3
p

A2 � 3B
p

1 � S2
⌘

, (A.2)

�3 =
1

3

⇣
A + 2

p
A2 � 3BS

⌘
. (A.3)

The terms A, B, and C are the sum of the eigenvalues, the sum of the products of the

eigenvalues, and the triple product of the eigenvalues, while S contains the cos(1
3 cos�1(· · · ))

terms,

A = �m2
21 + �m2

31 + a , (A.4)

B = �m2
21�m2

31 + a
⇥
�m2

31c
2
13 + �m2

21(c
2
13c

2
12 + s2

13)
⇤

, (A.5)

C = a�m2
21�m2

31c
2
13c

2
12 , (A.6)

S = cos

⇢
1

3
cos�1


2A3

� 9AB + 27C

2(A2 � 3B)3/2

��
, (A.7)

where a ⌘ 2E
p

2GF ne is the matter potential, E is the neutrino energy, GF is Fermi’s

constant, and ne is the electron number density.

B Derivation From KTY

Since only the product of elements of the PMNS matrix are necessary to write down the

oscillation probabilities, we start with the definition of the product of two elements of the

lepton mixing matrix in matter from eq. 39 in KTY, ref. [4],

bU↵i
bU⇤

�i =
bp↵��i + bq↵� � �↵��i(�j + �k)

(�j � �i)(�k � �i)
, (B.1)

where bx is the quantity x evaluated in matter and the �i’s are the exact eigenvalues in

matter5, see appendix A. We note that a similar approach was used in [12].

The matrix bp is just the Hamiltonian in matter, bp↵� = (2E)H↵� =
P

i �i
bU↵i

bU⇤
�i, see

appendix C. The other term, bq, is given by bq↵� =
P

i<j �i�j
bU↵k

bU⇤
�k for k 6= i, j. It is also

equivalent to bq↵� = (2E)2(H��H↵� � H↵�H��) for � 6= i, j.

5Note that the eigenvalues in matter can also be expressed in a longer notation as �i = cm2
i/2E.
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Figure 1. Left: The 2 ⇥ 2 submatrix eigenvalues, ⇠↵ and �↵. Note that ⇠e and �e are constant
functions since the matter potential, a, does not appear in their expressions. See appendix D.
Right: The eigenvalues of the full 3 ⇥ 3 Hamiltonian which are equivalent to cm2

i. Negative
energies refers to anti-neutrinos and in all cases we have set m1 = 0 in vacuum.

write all three mixing angles in matter as simple expressions of the eigenvalues,

s2
c12

c2
c13

= |bUe2|
2 = �

(�2 � ⇠e)(�2 � �e)

(�3 � �2)(�2 � �1)
, (2.5)

s2
c13

= |bUe3|
2 =

(�3 � ⇠e)(�3 � �e)

(�3 � �1)(�3 � �2)
, (2.6)

s2
c23

c2
c13

= |bUµ3|
2 =

(�3 � ⇠µ)(�3 � �µ)

(�3 � �1)(�3 � �2)
, (2.7)

where the hat indicates that it is the mixing angle in matter. While similar versions of

eqs. 2.5 and 2.6 have previously appeared in the literature [2], eq. 2.7 is original to this

manuscript. The general form of eq. 2.3 allows us to write any term in the lepton mixing

matrix, and thus any mixing angle with considerable ease. In addition, as we will show in

the next section, this also allows us to calculate the CP violating phase quite easily.

2.2 CP-Violating Phase

In order to determine the CP-violating phase in matter, we note that cos b� can be deter-

mined, given the other mixing angles in matter, from |Uµ1|
2 (or |Uµ2|

2, |U⌧1|
2, or |U⌧2|

2)

from eq. 2.3. The sign of b� needs to be separately determined. We note that the sign of
b� must be the same as the sign of �. To see this, we employ the Naumov-Harrison-Scott

(NHS) identity [13, 14],

bJ =
�m2

21�m2
31�m2

32

�cm2
21�cm2

31�cm2
32

J , (2.8)

where J = =[Ue1Uµ2U⇤
e2U

⇤
µ1] = s23c23s13c2

13s12c12 sin � is the Jarlskog invariant [15]. We

note that the numerator and denominator in eq. 2.8 always have the same sign, so sin b�
has the same sign as sin �. That is, the eigenvalues in matter never cross.
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Appendix E: Some Useful Identities:

For n-flavors:

W↵�W�� �W↵�W�� =
X

i>j

m
2
im

2
j(U↵iU�j � U↵jU�i)(U�iU�j � U�jU�i)

⇤
. (E1)

For 3-flavors, the unitarity of U gives

(U↵iU�j � U↵jU�i) = Det[U ]U⇤
�k. (E2)

where (↵, �, �) and (i,j,k) are all di↵erent, therefore

W↵�W�� �W↵�W�� =
X

i>j

m
2
im

2
jU�kU

⇤
⇢k (E3)

where (↵, �, �), (�, �, ⇢) and (i,j,k) are all di↵erent.

For 4-flavors, the unitarity of U gives

(U↵iU�j � U↵jU�i) = Det[U ](U�kU�l � U�lU�k)
⇤ (E4)

where (↵, �, �, �) and (i,j,k,l) are all di↵erent. Therefore

|U↵iU�j � U↵jU�i|2 = |U�kU�l � U�lU�k|2 (E5)

since |Det[U ] |2 = 1.

Appendix F: Solutions to a cubic equation

The exact solutions to the cubic equation

�
3 � A�

2 +B�� C = 0 (F1)

are given by [19, 20]

�1 =
1

3
A� 1

3

p
A2 � 3B

⇣
S +

p
3
p
1� S2

⌘
,

�2 =
1

3
A� 1

3

p
A2 � 3B

⇣
S �

p
3
p
1� S2

⌘
, (F2)

�3 =
1

3
A+

2

3

p
A2 � 3B S ,
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EigenVectors of H :
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Determination of the Eigenvectors,   vi
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chose v1i to be real and positive (or any other phase) then with

v1iv
⇤
1i, v2iv

⇤
1i, · · · , vniv

⇤
1i (19)

then we have the eigenvector vi . So we only need first row or column of
v↵iv

⇤
�i.
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chose v1i to be real and positive (or any other phase)

then with v1iv
⇤
1i, v2iv

⇤
1i, · · · , vniv

⇤
1i

then we have the eigenvector vi .

So we only need first row or column of v↵iv⇤�i.
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chose v1i to be real and positive (or any other phase)

then with v1iv
⇤
1i, v2iv

⇤
1i, · · · , vniv

⇤
1i

then we have the eigenvector vi .

only one row or column of v↵iv⇤�i needed !
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• Lagrange Method: v↵iv
⇤
�i / [⇧j 6=i(H � �jI)]↵�

requires knowing all eigenvalues ! follows because ⇧all j(H � �jI) = 0.

For normalization divide by: ⇧j 6=i(�i � �j) = Det
0[�I �H]|�=�i

• Adjugate Method: v↵iv
⇤
�i / Adjg[�iI �H]↵�

requires knowing only �i eigenvalue ! Same normalization factor.

Adjugate of Matrix, X, is the transpose of the Co-factor matrix:

Adjg[X]ij ⌘ (�1)i+jDet[sub-matrix of X formed by removing the j-th row and i-th col.]

X · Adjg[X] = Adjg[X] ·X = Det[X]I

if Det[X] 6= 0
then Adjg[X] = Det[X]X�1
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Consider H = V Diag[�1,�2, · · · ,�n]V † where the columns of V are the
eigenvectors v1, v2, · · · vn.
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Adjg[�I �H] = Det[�I �H](�I �H)�1 (20)

Adjg[�I �H]↵� = ⇧j(�� �j)
X

k

v↵k
1

(�� �k)
v
⇤
�k

= ⇧j 6=i(�� �j)
X

k

v↵k
(�� �i)

(�� �k)
v
⇤
�k (21)

= ⇧j 6=i(�� �j)

2

4v↵iv⇤�i +
X

k 6=i

v↵k
(�� �i)

(�� �k)
v
⇤
�k

3

5 (22)

– Typeset by FoilTEX – 11

Physicist’s sketch of why this works:
Consider H = V Diag[�1,�2, · · · ,�n]V † where the columns of V are the
eigenvectors v1, v2, · · · vn.

if Det[X] 6= 0, then Adjg[X] = Det[X]X�1

(�I �H)�1 = V Diag[ 1
���1

,
1

���2
, · · · , 1

���n
]V †
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take the limit � ! �i : (25)

v↵iv
⇤
�i=

Adjg[�iI �H]↵�
⇧j 6=i(�i � �j)

(26)
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Eigenvector-Eigenvalue Identity:

|v↵i|2 =
Adjg[�iI �H]↵↵
⇧j 6=i(�i � �j)

=
Char[H↵(�i)]

⇧j 6=i(�i � �j)
=

⇧k(�i(H)� �k(H↵))

⇧k 6=i(�i(H)� �k(H))
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�H51 �H52 �H53 �H54 (��H55)

1

CCCCA
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To obtain the phases one could rotate the original matrix
and perform the analysis again !
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Does NOT work
for off-diagonal

 elements !
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Wikipedia

To obtain the phases one could rotate the original matrix
and perform the analysis again !

Why is the RHS positive and  1 ?

Ordering the Eigenvalues for both A and A↵ then its known

�j(A) < �j(A↵) < �j+1(A)

the (n-1) Eigenvalues of A↵ are between the n Eigenvalues of A.
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To obtain the phases one could rotate the original matrix
and perform the analysis again !

Ordering the Eigenvalues for both A and A↵ then its known

�j(A) < �j(A↵) < �j+1(A)

the (n-1) Eigenvalues of A↵ are between the n Eigenvalues of A.
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x-o—x—o-x—o—x x = λj(A)  o = λj(Aα)

To obtain the phases one could rotate the original matrix
and perform the analysis again !

Why is the RHS positive and  1 ?

Cauchy Interlacing Inequalities:

Ordering the Eigenvalues for both A and A↵ then its known

�j(A) < �j(A↵) < �j+1(A)

the (n-1) Eigenvalues of A↵ are between the n Eigenvalues of A.

– Typeset by FoilTEX – 17
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6 PETER B. DENTON, STEPHEN J. PARKE, TERENCE TAO, AND XINING ZHANG

Figure 1. The citation graph of all the references in the literature
we are aware of (predating the current survey) that mention some
variant of the eigenvector-eigenvalue identity. To reduce clutter,
transitive references (e.g., a citation of a paper already cited by an-
other paper in the bibliography) are omitted. Note the very weakly
connected nature of the graph, with many early initial references
not being (transitively) cited by many of the more recent refer-
ences. Blue references are preprints, green references are books,
the brown reference is a thesis, and the red reference is a popular
science article. This graph was mostly crowdsourced from feed-
back received by the authors after the publication of [Wol2019].
The reference [Jac1834] predates all others found by a century!

or an identity closely related to it, was discovered. E↵ectively, this crowdsourced
the task of collating all these references together. In this paper, we survey all
the appearances of the eigenvector-eigenvalue identity that we are aware of as a
consequence of these e↵orts, as well as provide several proofs, generalizations, and
applications of the identity. Finally, we speculate on some reasons for the limited
nature of the dissemination of this identity in prior literature.

2. Proofs of the identity

The identity (2) can be readily established from existing standard identities in
the linear algebra literature. We now give several such proofs.

2.1. The adjugate proof. We first give a proof using adjugate matrices, which is a
purely “polynomial” proof that avoids any invertibility, division, or non-degeneracy
hypotheses in the argument; in particular, as we remark below, it has an extension
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[Löw1934] Karl Löwner. Über monotone Matrixfunktionen. Math. Z., 38(1):177–216, 1934.
[MD1989] Asok K. Mukherjee and Kali Kinkar Datta. Two new graph-theoretical methods for

generation of eigenvectors of chemical graphs. Proceedings of the Indian Academy

of Sciences - Chemical Sciences, 101(6):499–517, Dec 1989.
[NTU1993] Peter Nylen, Tin Yau Tam, and Frank Uhlig. On the eigenvalues of principal subma-

trices of normal, Hermitian and symmetric matrices. Linear and Multilinear Algebra,
36(1):69–78, 1993.

E
I
G
E
N
V
E
C
T
O
R
S

F
R
O
M

E
I
G
E
N
V
A
L
U
E
S
:
A

S
U
R
V
E
Y

O
F

A

B
A
S
I
C

I
D
E
N
T
I
T
Y

I
N

L
I
N
E
A
R

A
L
G
E
B
R
A

P
E
T
E
R

B
.
D
E
N
T
O
N
,
S
T
E
P
H
E
N

J
.
P
A
R
K
E
,
T
E
R
E
N
C
E

T
A
O
,
A
N
D

X
IN

IN
G

Z
H
A
N
G

A
b
s
t
r
a
c
t
.
If
A

is
a
n
n⇥

n
H
erm

itian
m
atrix

w
ith

eigen
valu

es
�
1 (A

),...,�
n
(A

)
a
n
d
i,j

=
1
,...,n

,
th

en
th

e
j
th

co
m
p
o
n
en

t
v
i,j

o
f
a
u
n
it

eig
en

vecto
r
v
i
a
sso

ci-
a
ted

to
th

e
eig

en
va

lu
e
�
i (A

)
is
rela

ted
to

th
e
eig

en
va

lu
es

�
1 (M

j ),...,�
n
�
1 (M

j )
o
f
th

e
m
in
o
r
M

j
o
f
A

fo
rm

ed
b
y
rem

ov
in
g
th

e
j
th

row
a
n
d
co

lu
m
n
b
y
th

e
fo
r-

m
u
la

|v
i,j | 2

nY

k
=
1
;k6=

i (�
i (A

)�
�
k
(A

))
=

n
�
1

Yk
=
1

(�
i (A

)�
�
k
(M

j ))
.

W
e
refer

to
th

is
id
en

tity
as

th
e
e
ig
e
n
v
e
c
t
o
r
-
e
ig
e
n
v
a
lu
e
id
e
n
t
it
y
a
n
d
sh

ow
h
ow

th
is

id
en

tity
ca

n
a
lso

b
e
u
sed

to
ex

tra
ct

th
e
rela

tiv
e
p
h
a
ses

b
etw

een
th

e
co

m
-

p
on

en
ts

o
f
a
n
y
g
iven

eig
en

v
ecto

r.
D
esp

ite
th

e
sim

p
le

n
a
tu

re
o
f
th

is
id
en

tity
a
n
d
th

e
ex

trem
ely

m
a
tu

re
sta

te
o
f
d
ev

elo
p
m
en

t
o
f
lin

ea
r
a
lg
eb

ra
,
th

is
id
en

tity
w
a
s
n
o
t
w
id
ely

k
n
ow

n
u
n
til

v
ery

recen
tly.

In
th

is
su

rvey
w
e
d
escrib

e
th

e
m
a
n
y

tim
es

th
at

th
is

id
en

tity,
o
r
va

ria
n
ts

th
ereo

f,
h
av

e
b
een

d
iscov

ered
a
n
d

red
is-

cov
ered

in
th

e
litera

tu
re

(w
ith

th
e
ea

rliest
p
recu

rso
r
w
e
k
n
ow

o
f
a
p
p
ea

rin
g
in

1
8
3
4
).

W
e
a
lso

p
rov

id
e
a
n
u
m
b
er

o
f
p
ro
o
fs

a
n
d
g
en

era
liza

tio
n
s
o
f
th

e
id
en

tity.

1.
I
n
t
r
o
d
u
c
t
io
n

IfA
is
an

n⇥
n
H
erm

itian
m
atrix,w

e
d
en
ote

its
n
realeigenvalu

es
by

�
1 (A

),...,�
n
(A

).
T
h
e
ord

erin
g
of

th
e
eigenvalu

es
w
ill

n
ot

b
e
of

im
p
ortan

ce
in

th
is

su
rvey,

b
u
t
for

sake
of

con
creten

ess
let

u
s
ad

op
t
th
e
convention

of
n
on

-d
ecreasin

g
eigenvalu

es:

�
1 (A

)
···

�
n
(A

).
If
1


j


n
,
let

M
j
d
en
ote

th
e
n�

1⇥
n�

1
m
in
or

form
ed

from
A

by
d
eletin

g
th
e
j
th

row
an

d
colu

m
n
from

A
.
T
h
is
is
again

a
H
erm

itian
m
atrix,

an
d
thu

s
h
as

n
�
1
real

eigenvalu
es

�
1 (M

j ),...,�
n
�
1 (M

j ),
w
h
ich

for
sake

of
con

creten
ess

w
e
again

arran
ge

in
n
on

-d
ecreasin

g
ord

er.
In

p
articu

lar
w
e
h
ave

th
e
w
ell

kn
ow

n
C
au

chy
in
terlacin

g
in
equ

alities
(see

e.g.,
[W

il1963,
p
.
103-104])

(1)
�
i (A

)
�
i (M

j )
�
i+

1 (A
)

for
i
=

1,...,n
�
1.

B
y

th
e
sp
ectral

th
eorem

,
w
e
can

fi
n
d

an
orth

on
orm

al
b
asis

of
eigenvectors

v
1 ,...,v

n
w
h
ere

th
e
v
i
are

in
C

n
of

A
associated

to
th
e
eigenvalu

es
�
1 (A

),...,�
n
(A

)

D
a
t
e
:
F
eb

ru
a
ry

2
4
,
2
0
2
1
.

P
B
D

a
ck

n
ow

led
g
es

th
e
U
n
ited

S
ta
tes

D
ep

a
rtm

en
t
o
f
E
n
erg

y
u
n
d
er

G
ra
n
t
C
o
n
tra

ct
d
esc0

0
1
2
7
0
4

a
n
d
th

e
F
erm

ila
b
N
eu

trin
o
P
h
y
sics

C
en

ter.
T
h
is

m
a
n
u
scrip

t
h
a
s
b
een

a
u
th

o
red

b
y
F
erm

i
R
esea

rch
A
llia

n
ce,

L
L
C

u
n
d
er

C
o
n
tra

ct
N
o
.
D
E
-

A
C
0
2-0

7
C
H
1
1
3
5
9
w
ith

th
e
U
.S
.
D
ep

a
rtm

en
t
o
f
E
n
erg

y,
O
�
ce

o
f
S
cien

ce,
O
�
ce

o
f
H
ig
h
E
n
erg

y
P
h
y
sics.

F
E
R
M
IL

A
B
-P

U
B
-1
9
-3
7
7
-T

.
T
T

w
a
s
su

p
p
orted

b
y

a
S
im

o
n
s
In
vestig

ato
r
g
ra
n
t,

th
e
J
a
m
es

a
n
d

C
a
ro
l
C
o
llin

s
C
h
a
ir,

th
e

M
ath

em
atical

A
n
aly

sis
&

A
p
p
lication

R
esearch

F
u
n
d

E
n
d
ow

m
en

t,
an

d
b
y

N
S
F

gran
t
D
M
S
-

1
7
6
4
0
3
4
.

1

arXiv:1908.03795v4  [math.RA]  22 Feb 2021



Stephen Parke                                                     Ruđer Bošković Institute                                            04/22/2026       #                     29

Iterative Algorithm by
Le Verrier - Faddeev

(aside)
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Det(�I �H) = �
n + �

n�1
d1 + �

n�2
d2 + · · ·+ dn ,

Adjg(�I �H) ⌘ �
n�1

A1 + �
n�2

A2 + · · ·+An ,

where for nxn matrix: dn = (�1)nDet[H] and An = (�1)n�1
Adjg[H].
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Le Verrier-Faddeev
Algorithm

Start with A1 = I, then dj = �1
jTr[HAj] then Aj+1 = HAj + djI

d1 = �Tr[H], A2 = H + d1I = H � Tr[H]I

d2 =
1

2
(Tr2[H]� Tr[H2]), A3 = H

2 �HTr[H] + d2I

d3 =
1

6
(Tr3[H]� 3Tr[H]Tr[H2] + 2Tr[H3]), · · ·
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Many cross checks possible:
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Need to use characteristic equation, for �i,
to reduce order of numerator !

sin2 ✓12 = s
2
12 ⇠ 0.30 and sin2 ✓13 = s

2
13 ⇠ 0.02

E ⇠ 1 MeV to 100 GeV
for solar/reactor, accelerator, to atmospheric neutrinos
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Figure 1. Left: The 2 ⇥ 2 submatrix eigenvalues, ⇠↵ and �↵. Note that ⇠e and �e are constant
functions since the matter potential, a, does not appear in their expressions. See appendix D.
Right: The eigenvalues of the full 3 ⇥ 3 Hamiltonian which are equivalent to cm2

i. Negative
energies refers to anti-neutrinos and in all cases we have set m1 = 0 in vacuum.

write all three mixing angles in matter as simple expressions of the eigenvalues,

s2
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c13
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(�2 � ⇠e)(�2 � �e)
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, (2.5)

s2
c13

= |bUe3|
2 =
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, (2.6)
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(�3 � ⇠µ)(�3 � �µ)

(�3 � �1)(�3 � �2)
, (2.7)

where the hat indicates that it is the mixing angle in matter. While similar versions of

eqs. 2.5 and 2.6 have previously appeared in the literature [2], eq. 2.7 is original to this

manuscript. The general form of eq. 2.3 allows us to write any term in the lepton mixing

matrix, and thus any mixing angle with considerable ease. In addition, as we will show in

the next section, this also allows us to calculate the CP violating phase quite easily.

2.2 CP-Violating Phase

In order to determine the CP-violating phase in matter, we note that cos b� can be deter-

mined, given the other mixing angles in matter, from |Uµ1|
2 (or |Uµ2|

2, |U⌧1|
2, or |U⌧2|

2)

from eq. 2.3. The sign of b� needs to be separately determined. We note that the sign of
b� must be the same as the sign of �. To see this, we employ the Naumov-Harrison-Scott

(NHS) identity [13, 14],
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where J = =[Ue1Uµ2U⇤
e2U

⇤
µ1] = s23c23s13c2

13s12c12 sin � is the Jarlskog invariant [15]. We

note that the numerator and denominator in eq. 2.8 always have the same sign, so sin b�
has the same sign as sin �. That is, the eigenvalues in matter never cross.
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Image of the the Sun using Neutrinos: SuperK

Dominated by   neutrinos !!!ν2

(νe, νμ, ντ) ∼ (76, 12, 12) %

(ν1, ν2, ν3) ∼ (8, 90, 2) %

 Eν > 8 MeV
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OSCILLATING

Neutrinos come in three types, called flavors. 
There are electron neutrinos, muon neutri-
nos and tau neutrinos. One of the strangest 
aspects of neutrinos is that they don’t pick 
just one flavor and stick to it. They oscillate 
between all three.

MYSTERIOUS

Neutrinos are mysterious. Experiments seem 
to hint at the possible existence of a fourth 
type of neutrino: a sterile neutrino, which would 
interact even more rarely than the others. 

VERY MYSTERIOUS

Scientists also wonder if neutrinos are their 
own antiparticles. If they are, they could have 
played a role in the early universe, right after 
the big bang, when matter came to outnumber 
antimatter just enough to allow us to exist.

ABUNDANT

Of all particles with mass, neutrinos are the 
most abundant in nature. They’re also some  
of the least interactive. Roughly a thousand 
trillion of them pass harmlessly through your 
body every second.

FUNDAMENTAL

Neutrinos are fundamental particles, which 
means that—like quarks and photons and  
electrons—they cannot be broken down into 
any smaller bits.

ELUSIVE

Neutrinos are difficult but not impossible to  
catch. Scientists have developed many differ-
ent types of particle detectors to study them.

LIGHTWEIGHT

Neutrinos weigh almost nothing, and they 
travel close to the speed of light. Neutrino 
masses are so small that so far no experi-
ment has succeeded in measuring them. The 
masses of other fundamental particles come 
from the Higgs field, but neutrinos might get 
their masses another way.

DIVERSE

Neutrinos are created in many processes in 
nature. They are produced in the nuclear 
reactions in the sun, particle decays in the 
Earth, and the explosions of stars. They are 
also produced by particle accelerators and  
in nuclear power plants.

 NEUTRINOS
  ARE…
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The 2023 EPS High Energy and Particle Physics Prize is awarded to 

Figure 20: The unitarity triangle using the first and second rows of the mixing matrix. The lengths

of each side are as labeled and twice the area of this triangle is the absolute value of the CP-invariant

factor, |J |. The |Ue1||Uµ1| and |Ue2||Uµ2| vertex moves in a circle as the CP violating phase is changed.

This identity guarantees that the ∆P in Eq.(64) is the same in matter as in vacuum for distances

smaller than any of the matter or vacuum oscillation lengths.

6.2 The oscillation probability νµ → νe

In this review, we mainly focus on the oscillation channel between electron and muon neutrinos because

it is easier to create and detect these neutrinos compared to tau neutrinos. The drawing below shows

schematically the relation among four possible channels.

CP

νµ → νe ⇐⇒ ν̄µ → ν̄e

T ⇕ ⇕ T

νe → νµ ⇐⇒ ν̄e → ν̄µ

CP

The horizontal (vertical) processes are related by CP (T) whereas the processes across the diagonals

are related by CPT. The first row will be explored in very powerful conventional beams, Superbeams,

whereas the second row could be explored in Neutrino Factories or Beta Beams.
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Jarlskog Invariant: 1985

also used in SMEFT 

The 2023 EPS High Energy and Particle Physics Prize for an out-

standing contribution to High Energy Physics is awarded to Cecilia Jarl-

skog for the discovery of an invariant measure of CP violation in both quark and
lepton sectors.

Prof. Jarlskog groundbreaking achievement was published in 1985, in two
single-authored papers [1, 2]. The main point was the insight that, within the
three-generation Standard Model of Particle Physics (SM), there exists a measure
of CP violation in the quark sector which is basis independent.

The Jarlskog Invariant is now used universally by both theorists and exper-
imentalists exploring CP violation, both in the quark and in the lepton sectors,
and was a truly significant and exceptional advance in our understanding of CP
violation. Many authors, when using this invariant no longer cite the original pa-
pers but just use the words Jarlskog Invariant. The fact that this achievement
took place approximately ten years after the discovery of the third generation of
particles, the tau-lepton and b-quark, illustrates that the discovery of this simple
invariant measure for CP violation was a challenging and subtle discovery. The
insight has several significant consequences.

In general, there is freedom in choosing the quark and lepton mixing parametriza-
tions, which translates into di↵erent forms of the CKM and PMNS mixing matrices
that describe the W-boson interactions with fermion-antifermion pairs. The Jarl-
skog invariant is independent of the parametrisation and phase convention chosen,
and provides an unambiguous way to discuss CP violation. It can be expressed
as the imaginary part of a determinant involving the fermionic mass matrices, i.e.
the up and down mass matrices Mu and Md in the case of quarks,

Im det
�
[MuMu†,MdMd†]

�
= 2J (m2

t �m2
c)(m

2
t �m2

u)(m
2
c �m2

u)

(m2
b �m2

s)(m
2
b �m2

d)(m
2
s �m2

d) .

The factor J is the Jarlskog invariant and has been measured with excellent pre-
cision in the quark sector to be

J = (3.08 ± 0.14) ⇥ 10
�5 ,

whereas its equivalent in the lepton sector is

Jl = (3.36 ± 0.06) sin �CP ⇥ 10
�2 .

The quantity “ sin �CP ” is yet to be determined in neutrino oscillation experi-
ments and can be anywhere in the interval [-1,1]. This suggests that the magnitude
of CP violation in the Lepton sector maybe larger than in the Quark sector and
could be of opposite sign. The Jarlskog invariant allows an immediate under-
standing and estimate of the size of the CP asymmetries predicted by the SM in
hadronic decays, as well as those expected in neutrino oscillation experiments.
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FIG. 11. The appearance probability for DUNE-like parameters, for both neutrino (blue) and antineutrino (orange) mode and
for di↵erent values of � (denoted by di↵erent line styles); the curves follow in a comparable fashion for the shorter NOvA and
T2K/HK baselines. The top panels are for the normal atmospheric mass ordering and the bottom panels are for the inverted
ordering. The left panels are for the lower octant of ✓23 (sin2 ✓23 = 0.44), and the right panels are for the upper octant,
(sin2 ✓23 = 0.56).
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Note that Tr[S] = 2Tr[H] as required. The only row
that does not involve Amat is the first row, which gives

eq. 19. This is why the e-row was chosen when calculating
the eV ’s, eq. 17. All rows and columns give the same
eigenvectors, as can be easily checked, and are given here
for completeness and cross checks. That is,

eV 2
µ2 =

�2
2 � Sµµ�2 + Tµµ

��23��21
, eV 2

⌧2 =
�2

2 � S⌧⌧�2 + T⌧⌧

��23��21
,

eVµ2
eV⌧2 =

�Sµ⌧�2 + Tµ⌧

��23��21
, (B5)

can be shown to be identical to eq. 18, using the appro-
priate elements of the S, T matrices and the fact that �2

satisfies the characteristic equation, eq. 11.

Again for the real symmetric matrix T ⌘ Adj[H], the
only row that does not involve Amat is the first row, which
gives eq. 20, as

NuFast-LBL  arXiv:2405.02400
takes 2 x Vacuum code

NuFast-Earth  arXiv:2511.04735
Order of magnitude fast than other codes

DUNE oscillation probabilities :

 

Pμe
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Normal
Ordering

Inverted
Ordering

SNO determined   Mass Ordering ν1 : ν2

Neutrino Mass 
Ordering

|Uμ3 |2 = cos2 θ13 sin2 θ23

|Uτ3 |2 = cos2 θ13 cos2 θ23

 sin2 θ23 ≈ 0.5
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Chris Marshall - Fermilab colloquium55

PIP-II at Fermilab is the engine of 
the LBNF beamFermilab New Accelerator :
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Chris Marshall - Fermilab colloquium56

Near site complex construction

● Preparation is underway 
for construction of the 
near site surface building

● Facility construction to 
begin next year

● Detector installation in 
2029

● Physics data with full 
ND+FD+beam in early 
2030s

New Beamline :

Chris Marshall - Fermilab colloquium39

Key ingredient #4: Movable Near 
Detector

● Two measurement systems:

● ND-LAr+TMS: LArTPC with a 
muon catcher (target is same 
as FD + muon detector → 
similar to MINOS and NOvA 
ND)

● SAND: On-axis magentized 
low-density tracker and 
calorimeter

● ND-LAr+TMS moves 
(PRISM technique)

TMS
ND-LAr

SAND

Sophisticated Near Detector:
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North Cavern

South Cavern

Central Utility Cavern

Ross Shaft & 

4850L station

LBNF Far Site at SURF (South Dakota)

29/01/2026 Inés Gil-Botella | DUNE27

Neutrinos from 
Fermilab

Deepest of the three detectors, 1500 m
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Chris Marshall - Fermilab colloquium52

LBNF/DUNE is under construction

Start 2031
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NuMI DATA: RUN 10811, EVENT 2549. APRIL 9, 2017.
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Neutrino Oscillation Exp.

•Mass Pattern (Ordering)

• Flavor Pattern (Octant)

•CP Violation

•New Physics

46
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For Dirac vs Majorana nature other types of experiment are required.
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Summary:
• Eigenvalues given by solutions to Det[�I �H] = 0

• Eigenvectors obtained from

v↵iv
⇤
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Adjg[�I �H]↵�
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0[�I �H]

����
�=�i

.

• Eigenvector-Eigenvalue ID (Jacobi 1834):

|v↵i|2 =
⇧k(�i(H)� �k(H↵) )

⇧k(�i(H)� �k(H) )

Now in Wikipedia.

• useful for physicists exploring the physics embedded in small matrices !

In neutrino physics and HEP, n=3 is a special number.
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( Le Verrier-Faddeev Algorithm )
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Extras
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Stephen Parke                      Lepton-Photon 2017, Guangzhou                    8/10/2017        #                     14
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What is physics reason the fractional Flavor content

of the Mass Eigenstates, |U↵j|
2
,

is independent of sign of � ?

Summary:

Flavor content of Neutrinos (�) = Flavor Content of Anti-Neutrinos (��)
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(Dialog) In[185]:=

nue = PieChart3D[{686, 294, 20},
ChartStyle % {Blue, Blue, Blue}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nue = PieChart3D[{100},
ChartStyle % {GrayLevel[0.2]}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

num = PieChart3D[{157, 353, 490},
ChartStyle % {Cyan}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nut = PieChart3D[{157, 353, 490},
ChartStyle % {Red, Red, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu3 = PieChart3D[{490, 20, 490},
ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu2 = PieChart3D[{353, 294, 353},
ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu1 = PieChart3D[{157, 686, 157}, ChartStyle % {Cyan, Blue, Red},
PlotTheme % "Business", SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

(Dialog) Out[185]=
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Why this order ???

⌫1, ⌫2 Mass Ordering:

⌫3, ⌫1/⌫2 Mass Ordering:

–atmospheric mass ordering

⌫1 ⌫2 ⌫3

mass

|�m2
21| = |m2

2 � m2
1| = 7.5 ⇥ 10�5 eV2

L/E = 15 km/MeV = 15, 000 km/GeV

SNO m2 > m1

–solar mass ordering

|�m2
31| = |m2

3 � m2
1| = 2.5 ⇥ 10�3 eV2

L/E = 0.5 km/MeV = 500 km/GeV

Unknown: NO⌫A, JUNO, DUNE, ....
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Out[562]=

In[563]:= cosd = '1.0

ssq23 = 0.4
csq23 = 1 ' ssq23

Jr = (ssq13 , ssq12 , csq12 , ssq23 , csq23)^0.5

Um1sq = ssq12 , csq23 + ssq13 , csq12 , ssq23 + 2 , Jr , cosd
Um2sq = csq12 , csq23 + ssq13 , ssq12 , ssq23 ' 2 , Jr , cosd

Rowm = Um1sq + Um2sq + Um3sq

Ut1sq = ssq12 , ssq23 + ssq13 , csq12 , csq23 ' 2 , Jr , cosd
Ut2sq = csq12 , ssq23 + ssq13 , ssq12 , csq23 + 2 , Jr , cosd

Rowt = Ut1sq + Ut2sq + Ut3sq

nu2plo = PieChart3D[{1000 , Ue2sq, 1000 , Ut2sq, 1000 , Um2sq},
ChartStyle % {Blue, Red, Cyan}, PlotTheme % "Business",
SectorOrigin % {{('3 , Pi ( 2 + 1.05), "Clockwise"}, 0}]

nu1plo = PieChart3D[{1000 , Ue1sq, 1000 , Ut1sq, 1000 , Um1sq},
ChartStyle % {Blue, Red, Cyan}, PlotTheme % "Business",
SectorOrigin % {{('3 , Pi ( 2 + 2.30), "Clockwise"}, 0}]

Solarplo = Graphics[{Inset[nu1plo, {0, 0}], Inset[nu2plo, {0, 0.6}] }]

ssq23 = 0.5
csq23 = 1 ' ssq23
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���U⌧1|2 = |s12s23 + s13c12c23e
+i�

���
2
⇡ 0.17

E↵ects of changing �:

�� |Uµ1|2 = ��� |Uµ2|2 = �� |U⌧2|2 = ��� |U⌧1|2 ⇡ 1
2 sin ✓13 �� cos � = 0.08 �� cos �

� = ⇡ � = ±⇡/2 � = 0
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Out[518]= 0.122102
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Out[520]= 1.
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Out[522]=

Out[523]=
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What is physics reason the fractional Flavor content

of the Mass Eigenstates, |U↵j|
2
,

is independent of sign of � ?

Summary:

Flavor content of Neutrinos (�) = Flavor Content of Anti-Neutrinos (��)
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(Dialog) In[185]:=

nue = PieChart3D[{686, 294, 20},
ChartStyle % {Blue, Blue, Blue}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nue = PieChart3D[{100},
ChartStyle % {GrayLevel[0.2]}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

num = PieChart3D[{157, 353, 490},
ChartStyle % {Cyan}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nut = PieChart3D[{157, 353, 490},
ChartStyle % {Red, Red, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu3 = PieChart3D[{490, 20, 490},
ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu2 = PieChart3D[{353, 294, 353},
ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu1 = PieChart3D[{157, 686, 157}, ChartStyle % {Cyan, Blue, Red},
PlotTheme % "Business", SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

(Dialog) Out[185]=
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δCP = 0

δCP = ± π/2

δCP = ± π

sin2 θ23 = 0.6

Complex Phase  has
Significant impact
 on flavor content

 of  and  mass states :

δCP

ν1 ν2

 |Uτ1 |2 = s2
23s

2
12 + s2

13c
2
12c

2
23 − 2s23s12s13c12c23 cos δCP

CPC effect


