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Eigenvector-eigenvalue identity | edit]

For a Hermitian matrix A, the norm squared of the a-th component of a normalized eigenvector can be calculated
using only the matrix eigenvalues and the eigenvalues of the corresponding minor matrix,

[Ix (Ai(A) — Ak(4a))
[Tizi (ANi(A) = A (4))

where A, is the submatrix formed by removing the a-th row and column from the original matrix.[33I34135] Thjs
identity also extends to diagonalizable matrices, and has been rediscovered many times in the literature.3#!36!
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Wikipedia: 0
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How to Solve !

nxn Hamiltonian Eisenvalue

N\ /

H/UZ — )\,L’U,L ( no sum of i)

]

nxl Eigenvector: v,;

Why ?
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Neutrino Propagation in Matter
Including oscillations
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Water Cherenkov Detector like SuperK (50 kt) and KamiokaNDE (4.5 kt)
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Detector located 1.5 kilometers
underground at Sanford Lab

Detector electronics

Sanford Underground
Research Facility
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ey
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L IT]

Fermilab

Each module will be filled with 17,000 tons

I 3 OO I(m | of argon and cooled to minus 184°C

4 x 17 kt
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Eisenvalues

.

P(vy, — vg) = Z Va Vs, e~ AL/ (2E)

"~/

Eisenvectors

( 6 nu parameters + 2 exp. Parameters ) x 100 bins/parameter
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36 ¢
“ o o ®
Neutrino Oscillation Exp.
&< |
\'\Q\\‘\\o@ ® Mass Pattern (Ordering)
\\\Q’S (\&c.) \¢" o Flavor Pattern (Octant) Inter-
OQ\FQO\?\ @‘36(0 d
b e CPViolation connecte

® New Physics

For Dirac vs Majorana nature other types of experiment are required.
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EisenValues of H :
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Determination of the Eigenvalues, 4, v
Characteristic eqn.

DetN\ —H| =0=XN"+d\"" " + -+ d,, = I[;(A = \))

dy = —Tr[H], dy— %(TTQ[H] _Tr[H?)), - d,, = (—1)"Det|H]

Derivative of the Characteristic eqn.
0

O
=\ 4 (n— 1) diN" T+ dpy

Det' |\ — H| =

Det| A\l — H|

— an#ko\ — )\j) Det’[)\il — H] — H];éz()\z — )\])
k=1
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- Example: 3% 3 . means same as above diagonal 0

2 .2 2

C135719 C13512C12 —513C135719
2 2
(QE) H = Amiy;, : C12 —8:_238:_226:_2
513912
8%3 0 513C13 1 0 O
+Ams; | . 0 0 + Apmar | - 0 0
2
C13 0
Ci; — CO5 9@;’ and S5 — Sin 97;;,' where A, ,; = ZﬂGFNeE
)\3 — A)\2 -+ BAN—(C =0 B= dy= Am%lAmgl T Amat[AméC% T A7”%1(1 — 0%35%2)]
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3¢ Cardano |545:

Solar and Atmospheric

Resonance Regions
AP — AN+ BA—-C =0

o 1 [24° -9AB +27C" -
= COS § — COS ,
3 2(A2 — 3B)3/2 c
;
1 1
M= A - VAT 3E (5+v3V1-52) |
1 1 s
A =-A—=vVA2 - 3B (S — V31 — SQ> , — Vo0 0 10 20)
? g E |GeV]

cos30 = 4cos> 0 — 3cos b
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What Physics gives us such a Hamiltonian ?
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Interactions States : Propagation / Mass States.0
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Interactions States : Propagation / Mass State 0

Complex 3x3 Rotation Matrix:
3 angles 0,,, 0,3, 053
— and
complex phase 0,p
(pdg convention used)
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% Neutrino Flavor Basis: H=Hy+ H,, .,

Masses rotated to flavor basis:

0 0 0
T T
(2E)Hy = Ri3(013)R12(612) | - Ams, 0 Ry5(012)Ri3(013)
2
Ams3z,
ci3 0 813 c12  S12 0
R13(913): 0 1 0 Rlz((glg): —S12 C12 0 Cij:COS(gij and sz-j:sin@ij
—s13 0 c13 0 0 1
CQ 82 C12819C —S12C 82
, 139212 13 %2 12 13¢139192
(QE) H = Am21 : C19 —S513512C12
2 2
513512
s, 0 S1ac
, 13 13¢13
+ Amg;, .0 0
2
C13

Stephen Parke Ruder Boskovi¢ Institute 04/22/2026 # 17



L . .
* Neutrino Flavor Basis: 0

v, interacting with the electrons in matter: Lincoln Wolfenstein |978:

coherent forward scattering Neutrino Propagation in Matter

1 0 O
(2E) Hypat = Amat 0 0 |, where A, =2V2GrN.E
0
elastic
V e Vi Vi
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2 .2 2

C13512 C13512C12 —3S513C135719
. 2 2
(QE) H = Ale : C19 —S513512C12
2 L2
513512
8%3 0 513C13 1 0 O
2
€13 0
Am2, ~75x 1075 eV? AmZ, ~ 425 x 1073 eV ? typically: Am3, < |Amat| < |Am%,]

E~ 1 MeV to 100 GeV
for solar/reactor, accelerator, to atmospheric neutrinos
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3¢ Cardano |545:

e . . .
p=3g/cc V ¢ i V
\? — AN+ BA—C =0 /
2.0r -
g 1 _,[24° —9AB +27C = ool
— COS § = COS .S
3 2(A2 — 3B)3/2 -
—2.5 A3
Mo
1 1 Al
_ _ 2 _ Q2 . . .
M= SA- VAT BB (S+VBVI=) sl " |
1 1 E |GeV]
Ny = —A — =VA2 Z3B (S—\/§\/1—SQ> |
3 3 \
1 2 -
Ny = A+ VA2 -3B5S, . = -
3 3 (QE)
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EisenVectors of H :
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Determination of the Eigenvectors, v, v

Hv; = A\;v; rephasing v; = e'Pv; s also elgenvector

>K

chose v1; to be real and positive (or any other phase)
then with  wvy07,, w907, -+, VUL,

then we have the eigenvector v; .

only one row or column of vmv;i needed !
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e Lagrange Method: VaiVi; X (Wi (H — AjI)]ap 0

requires knowing all eigenvalues ! follows because Il ij(H — A\;I) = 0.

For normalization divide by: IT,;2;(\; — \;) = Det' |\ — H||x=»,

e Adjugate Method: Vailg; X Adjg\\il — H|op

requires knowing only A; eigenvalue !
same normalization factor.

Adjugate of Matrix, X, is the transpose of the Co-factor matrix:
Adjg[X];; = (—1)""7Det[sub-matrix of X formed by removing the j-th row and i-th col.]

X - Adjg|X| = Adjg|X]| - X = Det| X |1
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Physicist’'s sketch of why this works: v

Consider H = VDiag[\1, A2, -+ , A\p]VT where the columns of V are the
elgenvectors v, va, -+ * Up,.

if Det[X] # 0, then Adjg[X] = Det[X]X 1

(A] o H)_l — VDiag[)\_lAla )\_1)\27 T 7>\_1>\n]VT

Adjg[\] — H] = Det[\] — H|(M — H)™*
Adjg[A\ — Hlap = TLi(A = X)) ) Vak : take the limit A — \; :

= ) B
Adjg\il — H|.p

k

S (A —Ai) "
— Hj;,éz()\ — )\J) Vo k fl}gk VAasD o —
A— A Q™ [ T1
k ( k) ];éz()\z — )\])
— H]#’L(A — )\j) /Uaivﬁ@' E Vo k ()\ — /Uﬁk
I kot
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- Eigenvector-Eigenvalue Identity:

Characteristic Eqn for H,, evaluated at A\;

Diagonal elements of an;i /

|2 _ Ad_jg[)\zln — H]aa B Det[)\,,;ln_l — H ] Hk( ( ) — (H ))

|Uozi

Mizi(Ni =) TN = Ap) ez Na(H) — Ae(H))
- H, = /(A—_H]in) ()\_—Hfllzz) :Zli _ j :Zii \ Does NOT work
+ I A N SN for off-diagonal
“Ha o M —Hm —H (A= Hss) elements !

To obtain the phases one could rotate the original matrix
and perform the analysis again !

v
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Eigenvector-eigenvalue identity |edit]

For a Hermitian matrix 4, the norm squared of the a-th component of a normalized eigenvector can be calculated
using only the matrix eigenvalues and the eigenvalues of the corresponding minor matrix,

[1 (Ai(4) = A(4a))
[Tisi (Ni(A4) = Ae(4))

where A, is the submatrix formed by removing the a-th row and column from the original matrix.[3334I35] Thijs
identity also extends to diagonalizable matrices, and has been rediscovered many times in the literature.[34/3!

‘via‘z —

Why is the RHS positive and <1 ?  Cauchy Interlacing Inequalities:
Ordering the Eigenvalues for both A and A, then its known

A(A) < Aj(Aa) < Ajia(A)
the (n-1) Eigenvalues of A, are between the n Eigenvalues of A.

A = /Ij(A) X=0—X—0-X—0—X 0 = /Ij(Aa)

Wikipedia q)
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T Quantamacazine 0

MATHEMATICAL PHYSICS

Neutrinos Lead to Unexpected Discovery
in Basic Math

Xining Zhang, Peter Denton
+SP Terence Tao

ALL EPISODES >

. O 00:00/ 17:46
@:e @ ® arXiv:1908.03795
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https://www.quantamagazine.org/neutrinos-lead-to-unexpected-discovery-in-basic-math-20191113/

# PETER B. DENTON, STEPHEN J. PARKE, TERENCE TAO, AND XINING ZHANG

Wol2019
Kau2018 \ \\\\\\\\\\\\\\\\\\z
DPTZ2019 EZ2019
n2014 \
/ \TVZ 1 DPZ22013
GGKL2017 |
CRS2007 VM2011 O\ Bar2001
/ / \ / ESY2009  GKV2012
HagZ002 092012 - /o5 Dem1997
GS1995

CG2002

GK1981 Gla2004 KS1991

\

MD1989 Xu1995 GE1994
LF1979 BFdP2011 DE2002 Kn1986
VL1983
NTU1993 Par1980
/ \ DLNT1986 S1969
Thol969 Pail971
DH1978 \ / BG1978

TM1968 \ Weil960
/ Goll1973

Tho1966 Low1934

Jacl834

[ 4

[Jac1834]

v

arX1v:1908.03795v4 [math.RA]

FIGURE 1. The citation graph of all the references in the literature
we are aware of (predating the current survey) that mention some
variant of the eigenvector-eigenvalue identity. To reduce clutter,
transitive references (e.g., a citation of a paper already cited by an-
other paper in the bibliography) are omitted. Note the very weakly
connected nature of the graph, with many early initial references
not being (transitively) cited by many of the more recent refer-
ences. Blue references are preprints, green references are books,
the brown reference is a thesis, and the red reference is a popular
science article. This graph was mostly crowdsourced from feed-
back received by the authors after the publication of [Wol2019].
The reference |Jac1834| predates all others found by a century!

C. G. J. Jacobi. De binis quibuslibet functionibus homogeneis secundi ordinis per

substitutiones lineares in alias binas tranformandis, quae solis quadratis variabilium

constant; una cum variis theorematis de tranformatione etdeterminatione integral-
ium multiplicium. J. Reine Angew. Math., 12:1-69, 1834.
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Iterative Algorithm by

Le Verrier - Faddeev
(aside)
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v

, Det(M — H) = X"+ X"ty + \" 2do + -+ d,,
Le Verrier-Faddeev ./ py -t o244 b4,

Algorithm

where for nxn matrix: d,, = (—1)"Det[H]| and A,, = (—1)""'Adjg[H].

Start with Al — [, then dj — —%TT[HA]] then Aj_|_1 — HAJ -+ d]I

di = —Tr[H], As=H+dI=H—Tr[H|I

1
dy = §(Tr2[H] —Tr[H?]), As=H?—HTr[H]+d>I

1

ds = E(Trg[H] — 3Tr[H|Tr[H? + 2Tr[H?]),

For an nxn matrix, one can show that

Apir = HA, +d, I = (—1)"1 (HAdjg[H] - Det[H]I) =0

thus terminating the series. Good cross check |
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o
** 3 flavor Neutrino Example:

(AT + X\ (2E)(H —Tr[H]I) + Adjg[(2E)H] )ap
[Tj£i(Ai — Ay)

X

- . |2 X X
Only the first row is needed: Veil ™ s vezvm, VeiU.r;
1st row: (QE) (TF[H]I — H) - Am%l ( 1 — 6%38%2 —C(C13512C12 8136138%2 )
+ Ams, ( s, 0 —513C13 )

Ist row: Adj|(2E)H]| = Am%lAmgl( C13CT9 —C13812C12 —S813C13CTo )
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Jt. . |
* 3 flavor Neutrino Example: arXiv: 2511.04735 ¢

1 —0%38%2 —C13512C12 8136138%2 , , 6%30%2 —C13512€C12 _3130130%2
(ZE) (TF[H]I — H) T Am%l . 8%2 S513512C12 AdJ[(QE)H] — AmglAmgl . 5%2 $13512C12
1 — s5%,5%, $75CTo
6%3 0 —S513C13 , 0 0 0
—|—Am§1 : 1 0 + Anat A7”21 : 3%35%2 $13512C12
0 0 0 0 0 0
tAma | .1 0. + Amat Amzy | . el 0| .
o1 .. 0
2 2
. Uai| |V
Many cross checks possible: — ] ) # 6
ViU |2 ’
Y 34
(normalization factors cancel)
Numerator is 4th order polynomial in \;, Need to use characteristic equation, for \;,
whereas Denominator is only 2nd order. to reduce order of numerator !
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Y [10_3 e\/Q]

o5t —— A3 | the Solar Neutrino
€ A2 Problem
N
U 10 0 10 20
E |GeV]

r; = B A

(2E)
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v

Image of the the Sun using Neutrinos: SuperK

v,, v, v,)~ (76, 12, 12) %

w 7t
E, > 8 MeV

(v, Uy, U3) ~ (8, 90, 2) %

Dominated by v, neutrinos !!!
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** (CPViolation is encoded in the complex nature of U ¢
Neutrinos
Vi

v, U

U = Us3(623,0)R13(6013) R12(612)

V,

e

1 C13 S13 Cl2  S12
— C23 823€Jr

—S93€ " C23 —513 C13 1

U23(6)237 5) Hmat U§3(9237 5) — Hmat
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** (CPViolation is encoded in the complex nature of U ¢

Neutrinos

4
|
y
o
5
L
| l ;
\
o l"

Anti-Neutrinos Complex 3x3 Rotation Matrix:
3 angles 0,,, 0,3, 053
and
complex phase 0p
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The 2023 EPS High Energy and Particle Physics Prize is awarded to 0

Cecilia Jarlskog for the discovery of an invariant measure of CP violation in

both quark and lepton sectors; and ... .
Jarlskog Invariant: 1985

J2P = S{UaUSULUgi} = J Y €ijréapy
K,y = 0, =1
Jhdg = $23C23 813Ci3 S12C12 Sind

= (3.36 £ 0.06) sin 6cp X 1072

- 1
~
~
~
~
~
~
~
~
~ L]
~
~ I
~
~ L J
~
~
~
~
N
N
A
A

Quarks
J = (3.08 £0.14) x 10~°

also used in SMEFT : Ues U,
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To include CP, we need to replace v; = Usz(023, 0)v;

2
J
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NuFast-LBL arXiv:2405.02400
takes 2 xVacuum code

Stephen Parke

He

0.12

0.10 |

0.08 r

N8}

A50.06 |

0.04 |

0.00 B4
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0.10 r

0.08 |

N8}

AT 0.06 F

0.04 |3

0.00

/)
NS
002 N \ .:'//,
! ",

0.12

DUNE oscillation probabilities :

15

L = 1297 km
Lower octant | 010

0.08 |
A0.06 |
0.04 |

'
0.02 -1\
. Y/

0.00 =

L = 1297 km
Upper octant

,\‘-_

. 0.12
L = 1297 km
Loweli (())ctant | 010
—_— () e 37T/2
-—-= /2 —_ v T 0.08
A2 0.06 £
\
A
0.02 Fv.3

L = 1297 km
Upper octant
10

.........
.....
---------
.......
e,

0.00

NuFast-Earth arXiv:2511.04735

Order of magnitude fast than other codes
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Neutrino Mass NO
Ordering

Inverted
Ordering

2 __ 2 )
| | U,31” = cos” 03 8in” 0,5
V3 , , i

V}Lp VT‘

Normal
Ordering

4

3

v, @

in” 0, ~
SNO determined v, : v, Mass Ordering SIN" 03 ~ 0.5
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ae Fermilab New Accelerator:
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* New Beamline:

rPrlmary Beam Enclosure

Near Detector

Complex Target MI-10 Point of Extraction
Absorber Complex Primary Beam

Complex Service Building
(LBNF-5)

g g ||

ol | —
— A T /
|

Sophisticated Near Detector:
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LBNF Far Site at SURF (South Dakota)

Neutrinos from
Fermilab

Deepest of the three detectors, 1500 m
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Cryogenics syst
Detector located 1.5 kilometers ryog Y
underground at Sanford Lab :

Detector electronics

Each module will be filled with 177,000 tons

| f argon and cooled to minus 184°C
Start 203 | :

T
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NuMI DATA: RUN 10811, EVENT 2549. APRIL 9, 2017.
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36 ¢
“ o ® o
Neutrino Oscillation Exp.
&< |
\'\Q\\‘\\o@ ® Mass Pattern (Ordering)
\\Q’S (\&c.) \¢" o Flavor Pattern (Octant) Inter-
OQ\ (\O\t\ SO
¢
Ao o€ o CPViolation connected

® New Physics

For Dirac vs Majorana nature other types of experiment are required.

Stephen Parke Ruder Boskovié Institute 04/22/2026 # 46



26 dummary:
e Eigenvalues given by solutions to Det| Al — H| = 0

Adjg[)‘l _ H]aﬁ
Det' [\ — H| >\=>\i.

e Eigenvectors obtained from:  v,,v5; =

only one row or column needed ! Also Local.
( Le Verrier-Faddeev Algorithm )
o _ I((H) = Ay(Ha))
M (Ni(H) — Ae(H) )

e Eigenvector-Eigenvalue ID (Jacobi 1834): |v,;

now in Wikipedia.

e useful for physicists exploring the physics embedded in small matrices |
In neutrino physics and HEP, n=3 is a special number.

Stephen Parke Ruder Boskovié¢ Institute 04/22/2026 H 47



Extras
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¥ Complex Phase o, has

| 4
Significant impact Sep =0 2
on flavor content Y1
of v, and 1, mass states :
L2
CPC effect Ocp = T 7/2
1
ve = @@ \
Yo = & 1
v- = @@ Ocp==%nx >
1

Sin2 923 —_ 06

\

2 _ 22 42,22
[ Unt |7 = 853815 + S13C15C53 = 2523512513€12€23 COS Ocp
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